ROTATIONAL DYNAMICS

Rotational dynamics includes the causes of rotary motion as well as the description of the motion itself.
[bookmark: _GoBack]In the case of linear dynamics changes in linear motion were caused by the application of a force. In rotary dynamics changes in rotary motion are caused by the application of a torque.
A torque is defined as a force acting at right angles to a distance called a lever arm. The distance, called the lever arm, connects the point of application of the force with the point about which rotation occurs. This point is called the fulcrum.
[image: F09]
The magnitude of a torque is found by multiplying the force times the lever arm times the sine of the angle between the two. The equation is:

τ = Flsinθ

Since sinθ is 1 when θ is 90° and 0 when θ is 0°, only the component of the force that makes a right angle with the lever arm causes a torque. The component parallel to the lever arm causes a compression or elongation of the lever arm.

Example

You are installing a new spark plug and must tighten it with a torque of 45 Nm. Using the data in the drawing, determine the magnitude of the force you must apply to the wrench.

[image: Prob 02]


An object in equilibrium must meet the condition of translational equilibrium as well as the condition of rotational equilibrium. Translational equilibrium is expressed as:

ΣF = 0 = ma

so that the linear acceleration is zero in both the X and Y directions.

Rotational equilibrium is expressed as:

Στ = 0 =Irα

which means that the angular acceleration must be zero.
Equilibrium problems are solved using both sets of equations when necessary. It is important to point out that the fulcrum may be placed anywhere when solving rotational equilibrium problems and is usually placed in the most convenient location.

[image: F09]
The bridge problem is a common application of the concept of rotational equilibrium. In this type of problem, there are supports providing upward forces on either end of a rigid, usually homogeneous, beam like object. The weight of the object acts downward at the center and there may be one or more additional objects at various locations on the beam. The problem usually involves finding one or both of the forces acting upward at either end of the beam.

Example

A 50,000 N bridge is 20 meters long and supported at both ends. A 5,000 N golf cart is 4.0 meters from the right end. Determine the upward force on each of the two ends required to maintain rotational and translational equilibrium. 


In some cases the forces involved may use lever arms oriented in different directions.



Example

A 140 N uniform door(.81 m wide and 2.1 m high) is attached to a vertical wall by two hinges. If the hinges are 2.1 m apart, find the force exerted on the door by (a) the top hinge and (b) the bottom hinge.

When drawing the vector representing an unknown force, we may be able to tell the direction from the situation in the problem. If we get it wrong, we will get an answer that is negative. This means that it should be in the opposite direction.

Previously we have worked with point masses. These were objects which had no volume or objects that could be approximated by considering all of their mass to be concentrated at one point. This one point is called center of mass or center of gravity.
When working with extended objects, the force due to the weight of the object is considered to act at its center of gravity. For a symmetrical, homogeneous object, the center of gravity is the same as its geometrical center.
If the center of gravity lies outside of the supports for an object, a net torque is produced which makes the object begin to rotate until another torque is provided to stop the angular acceleration.[image: F09]

Cargo shifted to the rear caused an unbalanced counterclockwise torque. When the tail of the plane hit the runway, the upward force exerted by the runway provided a clockwise torque to restore rotational equilibrium.

Example

A person sitting in a chair has one leg outstretched at an angle of 30 degrees with the horizontal. A force M is applied by the quadriceps muscle which is attached .10 m below the knee joint to maintain equilibrium. Find the magnitude of M.
[image: Prob 22]
Newton's second law in rotational form states that the angular acceleration is dirctly proportional to the torque and inversely proportional to the rotational inertia of the object.
[image: F09]
In the diagram we are considering a model plane moving in a circle with a thrust force supplied by its engine and propeller. We will treat it as a point mass.
In this case, the torque is:

τ = Ftr = Irα

matr = Irα

mαr2 = Irα

mr2 = Ir

This tells us that the rotational inertia for a point mass moving in a circle of radius r is mr2. This quantity is also called the moment of inertia. 
If we consider an extended body to be made up of an infinite number of point masses and add together the different moments of inertia for all of them(using calculus), we get the moment of inertia for the entire object.
The moment of inertia depends on the mass, size and shape of an object.Some formulas are:

Thin Hoop			I = mr2

Cylinder or Disk		I = ½mr2

Solid Sphere		I = (2/5) mr2

In all three cases the axis of rotation is through the center of the circle defining the object. Notice that all three show a dependence on the mass, radius of the circle, and a fractional factor determined by the shape of the object. The fractional factor is determined by the average location of the mass relative to the center of motion.

Example

A uniform solid disk with a mass of 24.3 kg and a radius of .314 m  is free to rotate on a frictionless axle.  Forces of 90.0 N and 125 N are applied at the top and bottom of the disk. (a) Find the net torque. (b) Find the angular acceleration of the disk.

[image: Prob 31]
Rotational work is defined in a way that is analogous to linear work. Linear work is a force exerted through a distance and rotartional work is defined as a torque exerted through an angular displacement. The equations are:

W = Fd

W = τθ

Force and distance and torque and angular displacement must be in the same direction. If the are in opposite directions, the work is negative. The SI unit of work is the Joule.
The rotational work done causes a change in the rotational kinetic energy. The rotational kinetic energy can be calculated using the formula:

KE = ½Irω2

which is very similar to the formula for linear kinetic energy.
The angular velocity must be expressed in rad/sec to give us the standard SI unit, the Joule. Ir must be in kgm2.

Example

A flywheel is a solid disk that rotates about an axle perpendicular to and  through its center. How fast must a 13 kg, 0.30m flywheel rotate to store the energy found in the gasoline required for a 300 mile trip(1.2 x 109 j) ?

An object may have potential energy, linear kinetic energy and rotational kinetic energy at the same time. In fact, when working conservation of energy problems, we must consider all three forms.
For example, an object rolling down an inclined plane will have gravitational potential energy initially. This energy is then changed into both linear and rotational kinetic energy as the object rolls down the incline until at the bottom, all of the energy is kinetic. The equation is:

PEtop + KEtop = PEbot + KEbot

mgh = ½mv2 + ½Irω2 

If the object rolls without slipping, the linear velocity is equal to the angular velocity times the radius. This substitution allows us to rewrite the equation as:

mgh = ½mv2 + ½Ir(v/r)2 
				      ______________
v = √[2mgh/(m + I/r2)]

This gives us the final velocity for an object rolling down an inclined plane.

Example

A sphere rolls down an inclined plane angled at 30 ° with the horizontal. If the plane is 5 m long, find the speed of the sphere at the bottom.

The angular momentum of an object is the product of its moment of inertia and angular velocity. The units are kgm2/s. A change in the rotational inertia of an object will cause a corresponding change in its angular velocity. The equation is:

L = Iω

In order to have the standard SI unit, the angular velocity must be expressed in rad/sec.
Just as with linear momentum, the total angular momentum of a system must be conserved if no outside torque acts on the system.
A reduced rotational inertia then results in an increased angular velocity to keep the angular momentum the same. An example is seen when a diver tucks to rotate faster during a tumbling dive.
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